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Let G be a locally ﬁnite group having a subgroup N of ﬁnite index n
that possesses a normal series
N = N0  N1  · · · Nk = 1
each of whose quotients Ni/Ni+1 is either locally nilpotent or
satisﬁes an outer commutator law wi ≡ 1. We show that G
contains a characteristic subgroup H of ﬁnite index that has
a characteristic series with the same properties. Moreover, the
index of H in G is bounded by a function depending only on n, k
and the weight of the wi .
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a group that has a subgroup N of ﬁnite index with certain property P . Recently some
attention was given to the question whether G necessarily contains a characteristic subgroup of ﬁnite
index with the property P . Since any ﬁnite-index subgroup N < G contains a normal in G subgroup
of ﬁnite (dividing |G : N|!) index, in many instances we can assume that N is normal in G . If G is
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(which depends on the number of generators). Therefore, for ﬁnitely generated groups the answer to
the above question is positive whenever P is inherited by subgroups.
For arbitrary groups it is known that the answer is positive for example for the following proper-
ties:
– P is “abelian”; this fact is known as Passman’s lemma (see Chapter 12, Lemma 1.2 in [1] or
Lemma 21.1.4 in [2]);
– P is “nilpotent” or “locally nilpotent”, or “solvable”, or “locally ﬁnite” (consider the automorphic
closure
∏
α∈AutG Nα , which is a characteristic P -subgroup);
– P is “nilpotent of given class c” (see Lemma 3 in [3]);
– P is “satisfying a given outer (multilinear) commutator law w” (original proof can be found in [4],
other shorter proofs are given in [5,6]).
It is also known that if P is “periodic of exponent p”, then the answer is negative for large
primes p (see an example in [6]).
In the present paper we consider the property for N to have a normal series
N = N0  N1  · · · Nk = 1
of ﬁnite length k each of whose quotients Ni/Ni+1 is either locally nilpotent or satisﬁes an outer
commutator law.
Our main result is the following theorem.
Theorem 1.1. Let G be a locally ﬁnite group that contains a normal subgroup N of ﬁnite index n that possesses
a normal series
N = N0  N1  · · · Nk = 1
each of whose quotients Ni/Ni+1 is either locally nilpotent or satisﬁes an outer commutator law wi ≡ 1. Then
G contains a ﬁnite-index characteristic subgroup H that has a characteristic series
H = H0  H1  · · · Hk = 1
whose quotients Hi/Hi+1 have the same properties as the quotients Ni/Ni+1 , that is, if Ni/Ni+1 is locally
nilpotent, then so is Hi/Hi+1 , and if Ni/Ni+1 satisﬁes an outer commutator identity ω ≡ 1, then so does
Hi/Hi+1 . Moreover, the index of H in G is bounded by a function depending only on n, k and the weights of
the wi .
We mention that the particular case of the above theorem where all quotients Ni/Ni+1 satisfy
outer commutator laws follows easily from the results obtained earlier in [4] (also in [5] or [6]). On
the other hand, the case where all quotients Ni/Ni+1 are locally nilpotent follows from the Hirsch–
Plotkin theorem that in any group a product of normal locally nilpotent subgroups is again locally
nilpotent. So it is a combination of outer commutator laws and local nilpotency, where Theorem 1.1
gives a new result. We do not know whether the theorem remains valid if the assumption that G is
locally ﬁnite is removed from the hypothesis.
2. Star words and corresponding subgroups
If X , Y are subsets of a periodic group G , we denote by [X, Y ]∗ the subgroup generated by all the
commutators [x, y], where x ∈ X , y ∈ Y and the elements x, y have coprime orders, that is
[X, Y ]∗ =
〈[x, y]; where x ∈ X, y ∈ Y and (|x|, |y|)= 1〉. (1)
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(characteristic) as well. It is easy to see that a locally ﬁnite group G is locally nilpotent if and only if
[G,G]∗ = 1.
Lemma 2.1. If G is a locally ﬁnite group, then [G,G]∗ is the locally nilpotent residual of G.
Proof. We need to prove that G/A is locally nilpotent for some normal subgroup A if and only if
[G,G]∗  A. If G/A is locally nilpotent, it is obvious that [G,G]∗  A. Let now [G,G]∗  A. We take
two elements x, y ∈ G such that their images x¯, y¯ in the quotient G/A have prime-power orders for
different primes: |x¯| = pr and | y¯| = qs . Let |x| = pin with (n, p) = 1 and |y| = q jm with (q,m) = 1.
By (1) we have [xn, ym] ∈ [G,G]∗ , so [xn, ym] ∈ A. We choose the positive integers k and l such that
nk ≡ 1(mod pi) and ml ≡ 1(mod q j). Then
1 ≡ [xn, ym]≡ [(xn)k, (ym)l]≡ [x, y](mod A).
(Here we use the property that if [a,b] ∈ N , then [ak,bl] ∈ N for any normal subgroup N and any
positive integers k, l.) Thus, any two elements of prime-power orders for different primes commute
in the quotient G/A and therefore G/A is locally nilpotent. 
Recall that outer commutator words are group words obtained by nesting commutators using al-
ways different variables. Thus [[x1, x2], [x3, x4, x5], x6] is an outer commutator word, but the Engel
word [x1, x2, x2, x2] is not.
The concept of a star word can be introduced as follows. Let x1, x2, . . . be variables. A star word of
weight 1 is just a variable xi . A star word of weight t > 1 is either a formal expression of the form
W (x1, . . . , xt) = [U (x1, . . . , xr), V (xr+1, . . . , xt)] or W (x1, . . . , xt) = [U (x1, . . . , xr), V (xr+1, . . . , xt)]∗ ,
where U and V are star words of weights r and t − r respectively.
If G is a group and w a group word, the verbal subgroup w(G) corresponding to the word w is
the subgroup generated by all w-values in G . If W is a star word, we can deﬁne the corresponding
subgroup W (G) of G in the following way. If W is of weight 1, then W (G) is precisely G . Suppose
that W is of weight t  2 and assume by induction that subgroups corresponding to star words of
weight at most t − 1 are already deﬁned. If
W (x1, . . . , xt) =
[
U (x1, . . . , xr), V (xr+1, . . . , xt)
]
,
then W (G) = [U (G), V (G)]. If
W (x1, . . . , xt) =
[
U (x1, . . . , xr), V (xr+1, . . . , xt)
]
∗,
then W (G) = [U (G), V (G)]∗ is the subgroup deﬁned in (1). A little more generally, if W =
W (x1, . . . , xt) and X1, . . . , Xt are subsets of G , the symbol W (X1, . . . , Xt) stands for the corresponding
subgroup of G . In the particular case where X1 = X2 = · · · = Xt = G we obviously have
W (G, . . . ,G︸ ︷︷ ︸
t
) = W (G).
Thus, every star word can be treated as a function deﬁned on the set of all subgroups of any locally
ﬁnite group G . Note that if H is a normal (characteristic) subgroup of a group G then W (H) is also a
normal (characteristic) subgroup.
If W1 = W1(x1, . . . , xt) and W2 = W2(y1, . . . , ys) are two star words, we denote by W1 ◦ W2 the
star word
W1
(
W2(y11, . . . , ys1), . . . ,W2(y1t, . . . , yst)
)
.
By induction we deﬁne W1 ◦ W2 ◦ · · · ◦ Wn = (W1 ◦ W2 ◦ · · · ◦ Wn−1) ◦ Wn .
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equal to the subgroup W1(W2(G)). We also mention that the operation ◦ is associative on the set of
star words, that is
(W1 ◦ W2) ◦ W3 = W1 ◦ (W2 ◦ W3).
Lemma 2.2. A locally ﬁnite group G has a normal series
G = G0  G1  · · · Gk = 1
each of whose quotients Gi/Gi+1 is either locally nilpotent or satisﬁes an outer commutator law wi ≡ 1 if and
only if W (G) = 1, where W = Wk−1 ◦ · · · ◦W1 ◦W0 with Wi = wi if the quotient Gi/Gi+1 satisﬁes the outer
commutator law wi ≡ 1, and Wi = [x, y]∗ if the quotient Gi/Gi+1 is locally nilpotent.
Proof. This is easy by induction on k. Suppose that G possesses the above series. If k  1, the
result follows from Lemma 2.1. Assume that k  2 and set U = Wk−1 ◦ · · · ◦ W2 ◦ W1. By in-
duction U (G1) = 1. It is clear that W0(G)  G1 so W (G) = (U ◦ W0)(G) = U (W0(G)) = 1, as re-
quired.
If W (G) = 1, then the required normal series is
G = G0  G1  · · · Gk = 1,
where Gi = Wi−1(Wi−2(G)) = (Wi−1 ◦ · · · ◦ W1 ◦ W0)(G). 
3. Proof of the main result
The next lemma plays a crucial role for the proof of Theorem 1.1.
Lemma 3.1. Let G be a locally ﬁnite group. If A, B, Y are normal subgroups of G, then [AB, Y ]∗ =
[A, Y ]∗[B, Y ]∗ .
Proof. The inclusion [AB, Y ]∗ ⊇ [A, Y ]∗[B, Y ]∗ is obvious, so we prove [AB, Y ]∗ ⊆ [A, Y ]∗[B, Y ]∗ . Let
A, B be normal subgroups of G . Choose an element h ∈ [AB, Y ]∗ and write
h = [x1, y1] · · · [xn, yn],
where x1, . . . , xn ∈ AB , y1, . . . , yn ∈ Y and (|xi |, |yi|) = 1 for all i.
We represent every xi as a product ai1bi1ai2bi2 · · ·aikbik of some elements ai j ∈ A, bi j ∈ B
such that (|ai j |, |yi|) = 1 and (|bi j |, |yi|) = 1. This is always possible. Indeed, let xi = aibi , where
ai ∈ A, bi ∈ B , and |xi | = ps11 · · · pstt for some primes p1, p2, . . . , pt . For every 1  j  t we set
n j = ps11 · · · p
s j−1
j−1 p
s j+1
j+1 · · · pstt . The element x
n j
i is a p j-element and belongs to some p j-Sylow sub-
group of the ﬁnite group H = 〈a,b〉. We have H = 〈a〉H 〈b〉H and use the fact that a Sylow subgroup
of a product of normal subgroups is equal to a product of Sylow subgroups of the factors. Therefore
x
n j
i = ap j bp j for some p j-elements ap j ∈ 〈a〉H  A, bp j ∈ 〈b〉H  B . There are integers f1, . . . , ft such
that f1n1 + f2n2 + · · · + ftnt = 1. So
xi =
t∏
j=1
(ap jbp j )
f j ,
and we get the required representation of xi .
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[ai1bi1ai2 · · ·bik , yi] is equal to a product of some conjugates of the commutators [ai1 , yi], [bi1 , yi], . . . ,[bik , yi].
Taking into consideration that A, B are normal and (|ai j |, |yi|) = 1, (|bi j |, |yi|) = 1 we ob-
tain that [agi j , y
g
i ] ∈ [A, Y ]∗ , [bgi j , y
g
i ] ∈ [B, Y ]∗ for all g ∈ G and for all j. Thus, the element h =
[x1, y1] · · · [xn, yn] is the product of some commutators from [A, Y ]∗ and [B, Y ]∗ . Since the subgroups
[A, Y ]∗ and [X, Y ]∗ are normal, h ∈ [A, Y ]∗[B, Y ]∗ . 
Corollary 3.2. Let W be a star word of weight t, and A1, . . . , At normal subgroups of a group G.
W
(
A1, . . . , Ai−1,
∏
N∈N
N, Ai+1, . . . , At
)
=
∏
N∈N
W (A1, . . . , Ai−1,N, Ai+1, . . . , At)
for any setN of normal subgroups.
Proof. We expand W (A1, . . . , Ai−1,
∏
N∈N N, Ai+1, . . . , At) by applying repeatedly the equalities
[A, BC] = [A, B][A,C] and [A, BC]∗ = [A, B]∗[A,C]∗ . This is possible because all the “star-commutator
subgroups” arising in this process are normal. In the end we obtain the product
∏
N∈N
W (A1, . . . , Ai−1,N, Ai+1, . . . , At). 
In what follows Wσ (X1, . . . , Xt) denotes W (Xσ(1), . . . , Xσ(t)), where σ is a permutation of de-
gree t .
Theorem 3.3. Let W (x1, . . . , xt) be a star word. Then, in any group, the number of ﬁnite-index subgroups
which are maximal (by inclusion) among all normal subgroups N such that W (N) = 1 is ﬁnite. Moreover, the
number of such subgroups of index  n does not exceed
2F
t−1(n), where Fk(x) is the k-th iteration of the function F (x) = xn2x .
Proof. The proof mimicks that of Theorem 1′ in [6]. We include it for completeness. Let N be the
set of ﬁnite-index subgroups N of G that are maximal by inclusion among all normal subgroups
satisfying the property W (N) = 1. We wish to prove that N is ﬁnite. If the set N is empty, then we
have nothing to prove. Otherwise, consider a subgroup G0 ∈N . This subgroup satisﬁes the property
that
Wσ (G0, . . . ,G0) = W (G0) = 1 for all σ ∈ St, (2)
where St is the symmetric group of degree t .
The subgroup G0 has ﬁnite index. Therefore, the set of subgroups {NG0 | N ∈ N } is ﬁnite and
coincides with the set {N1G0 | N1 ∈N1}, where N1 is some ﬁnite subset of N . The subgroup
G1 = G0 ∩
⋂
N∈N1
N
has ﬁnite index and satisﬁes the equality
Wσ (G1, . . . ,G1,NG0) = 1 for all σ ∈ St and for all N ∈N . (3)
Indeed, by the choice of N1, each product NG0, where N ∈N , coincides with a product N1G0 for
some group N1 ∈N1 and N1 ⊇ G1 ⊆ G0. Therefore, by Corollary 3.2
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⊆ Wσ (G1, . . . ,G1,N1)Wσ (G1, . . . ,G1,G0)
⊆ Wσ (N1, . . . ,N1,N1)Wσ (G0, . . . ,G0,G0) = 1.
The subgroup G1 has ﬁnite index. Therefore, the set of subgroups {NG1 | N ∈ N } is ﬁnite and
coincides with the set {N2G1 | N2 ∈N2} for some ﬁnite subset N2 of N . The subgroup
G2 = G1 ∩
⋂
N∈N2
N
has ﬁnite index and satisﬁes the equality
Wσ (G2, . . . ,G2,NG1,NG1) = 1 for all σ ∈ St and for all N ∈N .
Indeed, by the choice of N2, each product NG1, where N ∈N , coincides with a product N2G1 for
some group N2 ∈N2 and N2 ⊇ G2 ⊆ G1 ⊆ G0. Therefore, by Corollary 3.2
Wσ (G2, . . . ,G2,NG1,NG1) = Wσ (G2, . . . ,G2,N2G1,N2G1)
= Wσ (G2, . . . ,G2,N2,N2)Wσ (G2, . . . ,G2,N2,G1)
× Wσ (G2, . . . ,G2,G1,N2)Wσ (G2, . . . ,G2,G1,G1)
⊆ Wσ (N2, . . . ,N2,N2,N2)Wσ (G1, . . . ,G1,N2,G1)
× Wσ (G1, . . . ,G1,G1,N2)Wσ (G0, . . . ,G0,G0,G0).
The ﬁrst factor of the last product is trivial, because the group N2 satisﬁes the property W (N2) = 1.
The second and the third factors are trivial by (3). The fourth factor is trivial by (2).
Continuing in the same manner, we ﬁnally obtain a ﬁnite-index subgroup Gt−1 such that
Wσ (NGt−1, . . . ,NGt−1) = 1 for all σ ∈ St and for all N ∈N .
In view of the maximality of all these subgroups N this means that Gt−1 ⊆ N for all N ∈ N , i.e.
Gt−1 ⊆⋂N∈N N and, therefore, the intersection ⋂N∈N N has ﬁnite index in G . The ﬁniteness of the
index implies the ﬁniteness of the set N , as required.
To obtain the bound it is suﬃcient to note that if all subgroups in N have index not larger than n,
then
|G : Gk| |G : Gk−1|n|Nk | and |Nk| 2|G:Gk−1| (this is a very rough estimate).
Therefore,
|G : Gk| |G : Gk−1| · n2
|G:Gk−1 |
, i.e. |G : Gt−1| F t−1(n) and |N | 2F t−1(n),
where Fk(x) is the k-th iteration of the function F (x) = xn2x . 
Proof of Theorem 1.1. In view of Lemma 2.2, Theorem 1.1 is a straightforward consequence of Theo-
rem 3.3. Indeed, let the subgroup N be maximal by inclusion among all normal subgroups satisfying
the hypothesis of Theorem 1.1. We set W = Wk−1 ◦ · · · ◦ W1 ◦ W0, where Wi = wi if the quotient
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cally nilpotent. By Lemma 2.2 the subgroup W (N) is trivial and consequently W (Nα) = 1 for any
automorphism α of G . The subgroup
H =
⋂
α∈AutG
Nα
is characteristic. By Theorem 3.3 the index [G : H] is bounded by a function depending only on [G : N]
and the weight of the star word W . The required series is
H = H0  H1  · · · Hk = 1,
where Hi = Wi−1(Wi−2(H)) = (Wi−1 ◦ · · · ◦ W1 ◦ W0)(H). In fact, all the Hi are characteristic as
subgroups corresponding to some star words; Hi/Hi+1 is locally nilpotent by Lemma 2.1 if Ni/Ni+1
is locally nilpotent, and Hi/Hi+1 satisﬁes the outer commutator law wi ≡ 1 if Ni/Ni+1 satisﬁes the
same commutator law wi ≡ 1. 
We can also adapt the proof of Klyachko and Melnikova [5] to obtain a better bound for the index.
Theorem 3.4. Let W (x1, . . . , xt) be a star word. If a group G contains a normal ﬁnite-index subgroup N
such that W (N) = 1, then G contains a characteristic and even invariant with respect to all surjective endo-
morphisms subgroup H such that W (H) = 1 and log2|G : H|  f t−1(log2|G : N|), where f k(x) is the k-th
iteration of the function f (x) = x(x+ 1).
Proof. The proof is virtually the same as the proof in [5]: we should only replace the outer commuta-
tor ω(x1, . . . , xn), which deﬁnes the outer commutator law w ≡ 1 in the hypothesis of theorem in [5],
by the star word W (x1, . . . , xt) and use Corollary 3.2 instead of the similar property for the ordinary
commutators subgroups and outer commutator words. 
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